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Abstract 
Sun, S.-H., On the least multiplicative nucleus of a ring, Journal of Pure and Applied Algebra 
78 (1992) 311-318. 
A new kind of radical ideal for any ring is presented in the present paper, which corresponds to 
the least multiplicative nucleus in the sense of Banaschewski and Harting. 
Introduction 
By the remarkable result of Blass [4] that the prime ideal theorem (PIT) for 
distributive lattices-alias the Boolean ultrafilter theorem-implies in Zermelo- 
Fraenkel set theory without choice (ZF), the almost maxima1 idea1 theorem 
(AMIT) of Johnstone [5], and by the result of Banaschewski and Harting [2] that 
AMIT implies that each nontrivial ring with a unit has a prime ideal, it is clear 
that PIT implies that each nontrivial (not necessarily commutative) ring with unit 
has a prime ideal. In [3], Banaschewski gave an alternative proof by showing that 
each nontrivial complete distributive lattice with compact unit has a prime 
element. It is natural to wonder whether PIT implies that there are enough prime 
ideals in a ring, in the sense that each semiprime ideal is an intersection of prime 
ideals. By using a localic approach, Banaschewski [l, Proposition 11 showed that 
it is true for commutative rings. To develop such an approach for noncommuta- 
tive rings, Banaschewski and Harting defined in [2] three types of radical ideals, 
which are examples of so-called multiplicative nuclei in the sense of Banaschewski 
(see also below); and showed that one of them, called the Levitzki radical, is the 
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least multiplicative nucleus for commutative rings-but not so for noncommuta- 
tive rings. So one may ask ‘Is there a least multiplicative nucleus for a general 
ring?’ In this note, we first show the existence of the least multiplicative nucleus 
for any ring by defining, using transfinite induction, a new kind of radical ideal 
which upon restriction to commutative rings gives the original notion of the 
radical ideal; we also give a more direct description for a particular class of rings 
called m*-rings (which includes the m-rings and regular rings); as a consequence, 
we show that PIT implies that each semiprime ideal is an intersection of prime 
ideals for me-rings, thus extending some of the known results mentioned above. 
When the author finished this note, Professor B. Banaschewski kindly let him 
know that the existence of this nucleus seems to have been observed by Blass 
before, in unpublished work. 
1. Main results 
Here a ring means a ring with an identity and an ideal means a 2-sided ideal. 
Now let R be any ring and Z,J ideals of R; we say that J is I-nilpotent, if for each 
a E J, there exists a natural number II such that the power (a)” c I, where (a) is 
the principal ideal generated by a. It is clear that each ideal I is I-nilpotent. 
Lemma 1. J is an t-nilpotent ideul if and only if for each finitely generated ideal 
K C J there is an n such that K” C I. 
Proof. Let K=(u,)+(u~)+... + (a,,?); then for each i 5 m there is an ~1, above, 
and if II 2 each n, we have each (a,)’ c Z and so K”“’ c I. 0 
Define 
S(Z) = c {J 1 J is an I-nilpotent ideal} ; 
then we have the following: 
Lemma 2. S(Z) IS an I-nilpotent ideal-clearly the largest one. 
Proof. Let u E S(Z); then a = j, + j, + . . . + j,,,, where j, E J, and each J, is 
I-nilpotent; hence for each i I m there is n, such that each ( j,)"< is contained in I. 
Choose n 1 nl for all i 5 m; then we have each (j,)” C I. Thus (u)“‘~ G (( j,) + 
( jl) + . . . + ( i,,, >>““‘. which is contained in I. 0 
Using above argument, we easily see that {a E R 1 3n: (a)” c Z} is an ideal; so 
we have the following: 
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S(Z) = {a E R 1 3n: (a)” c Z} 
Clearly, S : Id1 R+ Id1 R is order-preserving and inflationary. Now let S”Z = I, 
S’Z = S(Z) and S”Z = S(S”-‘)I if p is a successor and S’Z = U,,,, S*Z if p is a 
limit ordinal. Recall that a function j on Id1 R is called a closure operator if j is 
inflationary, order-preserving and idempotent. A closure operator j is called a 
localic nucleus if j(Z) f? j(Z) = j(Z f7 .Z) = j(Z.Z) for each pair ideals Z and J of R (for 
details, see [6]). Now let 6 be the least ordinal such that S” = S”+’ and write 
T = S”. Thus we have the following: 
Lemma 4. T is a localic nucleus on Idl R. 
Proof. It suffices to show that for each pair Z,J E Id1 R, the formula T(Z) fY 
T(J) c T(ZJ) holds. First we are going to show that Z n S”(J) c S”(ZJ) for all 
(Y 5 p. We proceed by induction. For (Y = 1, it follows easily from Observation 3 
that S(Z,Z,) = S(Z,) f’ S(Z2). For the step from cy to CY + 1, suppose Zn S”(Z) c 
S”(Z.Z). Then, In S”” (J) c S”(ZS(/)) c S”(Z n S(J)) c S”S(ZJ) = S”+‘(ZJ). For 
the limit ordinal case, it is clear since: 
z n sA(.q = z n ( U s”(J)) = U z n s”J 
<I ‘. A <r-r* 
c l_, SU(ZJ) = S”(ZJ) 
<I (. n 
Now we have immediately the following: 
7-(Z) n T(J) c T( T(J)Z) c T(Z n T(J)) c TT(ZJ) = T(ZJ) . 
The other inclusion is clear. cl 
Following Banaschewski and Harting [2]. a multiplicative nucleus on the ideal 
lattice Id1 R of a ring R is a closure operator k on Idl R such that, for all ideals Z 
and J of R, 
(Ml) k(Z) fI k(J) = k(Z fl J) = k(ZJ) and 
(M2) if k(Z) = R, then Z = R. 
Obviously each multiplicative nucleus is precisely a localic nucleus satisfying 
(M2). 
It follows from (Ml) in the definition that each localic nucleus k satisfies 
k(Z”) = k(Z) for each II and each ideal I. However, for any ring R, we have that if 
1 E S(Z), then 1 E Z for each ideal Z of R by Observation 3. Thus we further have 
the following: 
Theorem 5. T is the least multiplicative nucleus on Id1 R. 
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Proof. To show that T is a multiplicative nucleus it suffices to show that if 
1 E T(Z), then 1 E I; in fact, if 1 E T(Z), then there is a first ordinal (Y such that 
1 E S”(Z); this a is neither a limit ordinal nor a successor, hence cy = 0 and thus 
1 E I. Now let k be a given multiplicative nucleus. For each ideal Z and each 
a E S(Z) we have (a)” c I, whence a E k(u) = k((a)“) by (M2). Hence a E k(Z) 
and S(Z) c k(Z). Furthermore, T(Z) = S”(Z) c k’(Z) = k(Z); that is, T is the least 
multiplicative nucleus. 0 
Recall that a semiprime ideal Z of R is an ideal such that if aRu c I, then a E I, 
or equivalently, for each ideal J, .Z’ c I+ .Z c Z. 
Corollary. I is semiprime if and only if I = T(Z). 
Proof. Let T(Z) = I and (a)’ C I, then a E S(Z) = ST(Z) = T(Z) = I; so I is semi- 
prime. Conversely, suppose a E S(Z). Then there is n such that (a)” C I, and 
hence (u) c Z since Z is semiprime. Thus Z = S(Z) = T(Z). 0 
Now we are looking for rings for which S itself is idempotent. 
Definition. A ring R is called an m*-ring if for each a E R and each natural 
number ~1, (a)” is finitely generated; and is called an m-ring if any product of 
finitely generated ideals is finitely generated. 
Clearly, the class of m-rings, besides commutative rings, includes all (left) 
noetherian rings. It is not hard to check that all matrices rings over commutative 
rings are m-rings. And it is also clear that the class of m*-rings includes all m-rings 
and all regular rings. 
Lemma 6. For any m’“-ring R, S is idempotent. 
Proof. It suffices to show that X!?(Z) is I-nilpotent. In fact, for each a E SS(Z), 
there is an n such that (a)” c S(Z); but (a) ‘I is finitely generated, so there is an 
I-nilpotent ideal J such that (a)” C /. hence there is an m such that (a)“” c Z by 
Lemma 1. Thus SS(Z) is I-nilpotent, hence SS(Z) c S(Z) since S(Z) is the biggest 
one. 0 
It is possible to give an example of a ring such that S is not idempotent (see 
Section 2). 
Recall that a locale is a complete lattice L satisfying the distributive law 
for any x E L, and any family (x,),~, in L. It follows from [2, Lemma 1.21, or in 
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general from [6], that the image of any multiplicative nucleus, ordered by 
inclusion, is a locale. Thus by Theorem 5, we have the following: 
Lemma 7. For each me-ring R, S is a multiplicative nucleus and hence S(Id1 R) is 
a locale. q 
Proceeding as in the proof of Theorem 5 and its corollary, we also have the 
following lemma: 
Lemma 8. Let R be an m”-ring. Then 
(1) S is the least multiplicative nucleus and 
(2) an ideal I of R is semiprime if and only if S(J) = I for some ideal .l of R. 0 
Recall that a locale L is called algebraic if each element of L is a join of 
compact elements, and called coherent if it is algebraic and any finite meet 
(including the empty one) of compact elements is compact. Note that the 
coherent locales are, up to isomorphism, exactly the ideal lattices of bounded 
distributive lattices. 
Theorem 9. S(Idl R) is an algebraic locale for each m*-ring R. 
Proof. It suffices to show that S(a) is compact for each a E R. Suppose S( V J;) = 
S(a), where {-I,} is a directed set of S-ideals (i.e., S(J,) = J,). Then a E S( V 1,) 
and thus there exists an n such that (a)ll c V 1,. Hence there is J,,, with (a)” C J,,, 
since (a)” is finitely generated. Furthermore, a E .I,,, since S(J,,,) = J,,,, which means 
J,,, = S(a), that is, S(a) is compact. 0 
Remark. Using a similar argument we can show that S(Z) is compact if and only if 
I is a finitely generated ideal when R is an m-ring. So we have the following: 
Lemma 10. S(Id1 R) is coherent if R is an m-ring. 0 
Now we use a theorem of Johnstone that AMIT implies that each algebraic 
locale is spatial and a theorem of Blass that AMIT is logically equivalent to the 
PIT. So we have the following theorem: 
Theorem 11. PIT implies that S(Id1 R) is spatial, that is, each semiprime ideal is an 
intersection of prime ideals for each m*-ring R. 0 
Since each commutative ring is obviously an m*-ring, the following result 
appearing in [l, Proposition l] and in [3, Corollary 4.21 follows: For each 
commutative ring, PIT implies that each semiprime ideal is an intersection of 
prime ideals. 
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Remark. In [8], the author showed that PIT implies that the Krull separation 
lemma holds for m-rings. As an application of Theorem 11, one can obtain this 
result directly from the Stone separation lemma; one point is that if an ideal I is 
disjoint from a multiplicative system M, then we have that T(Z) I? M = 0 by 
induction since S”(I) n M = for all (Y. Hence one need only consider I = T(f). In 
T(Id1 R), which is a locale, consider Y = {J E T( Id1 R) 1 J f’ M = 0} and put 
9 = JI. Then there is a prime ideal 9 containing IZ which is disjoint from Y. Let 
P = c pp. We claim that P is a prime ideal of R. Let (a)(b) c PC c pp; then there 
is J E 9 such that (a)(b) C J since (a)(b) is finitely generated and 9 is an ideal. 
Thus T(a) n T(b) = T((a)(b)) C T(J) = J E 9 and hence we have either (a) E 9 
or (6) E 9; or equivalently, either (a) C P for (b) c P. Trivially P n M = 0. 
Recall that the Levitzki radical I(l) of ideal I of R is the sum of those ideals J 
which have the property that for each finite subset E of J there exists a natural 
number y1 such that E” C I. In [2], Banaschewski and Harting showed that the set 
of all Levitzki radical ideals of a ring R forms a coherent locale, provided R has a 
dense quasi-centre (that is, each ideal of R is generated by quasi-central elements, 
which are elements c satisfying CR = Rc). It is not hard to see that in such rings 
the Levitzki radical f(I) is the same as S(Z) defined above. Furthermore, since 
each finitely-generated ideal of a ring R having a dense quasi-centre is generated 
by a finite number of quasi-central elements, the product of two finitely generated 
ideals is still finitely generated, that is, R is an m-ring. Now, by Lemma 10, we 
have an alternative proof of the result of [2] that the set of all Levitzki radical 
ideals of a ring R forms a coherent locale provided R has a dense quasi-centre. 
However, an m-ring does not necessarily have a dense quasi-centre; see an 
example in the next section. 
For further investigation on T see the forthcoming paper [9]. 
2. Examples 
Example 12. Let R be the free ring on two generators, say a and b. Then the 
order-preserving and inflationary map S defined in Section 1 is not idempotent. 
To show this, let I be the 2-sided ideal of R generated by those 2-sided ideals 
having the form (aru)’ for each r E R. Then it is clear that ura E S(I) for each 
r E R, and hence aRu c S(I) and (a)’ c S(1). Now it remains to show that 
u$S(/), or equivalently, for any n, (u)” gf. In fact, by noting that I is generated 
by those elements which have the form 
t,,urut, urut7 , 
where t,,,t, ,r E R (in other words, those elements having at least two copies of uru 
for some r E R), we see that, for any n, the element ubub’ub’u . . u~“~‘u E (a)” 
has not the above form, and hence is not in Z. 
Example 13. Let R be the ring of all upper triangular 3 x 3 matrices over the 
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domain Z of the usual integers, the elements on whose diagonal are equal. Then 
R is an m-ring but has not a dense quasi-centre. 
First we have a lemma: 
Lemma. Let I be the ideal of R consisting of all those matrices the elements on 
whose diagonal are zero and let 
be quasi-central. Then we have n , = Sn,, where 6 = l,- 1. 
and hence is in RA. But the typical element in RA has the form 
Thus 
That is, n, = m,n,, where m, E Z; and hence 
0 m+ n2 
A=0 0 
i i 
n3 
0 0 0 
where m E Z. Now to prove the lemma, it suffices to check the case n3 f 0. 
Suppose m # 1, - 1 and choose c, jZmZ and c = 0; then 
but is not in AR since the typical element in AR has the form 
i 
0 cn, (cn2 + cimn3 
0 0 
cn, 
0 ! 
for c,c3 E Z. 
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Now consider 
0 1 0 
c= t 0 0 0 i . 
0 0 0 
We claim that it is not in the ideal J generated by all quasi-central elements 
contained in I, since the typical element of J has the following form: 
t 
0 (n,+n,+...+n,) * 
0 0 (6,n,+&n,+~..+6,fi, 
_ _ 
0 0 0 
i 
Thus R has not a dense quasi-centre. On the other hand, it is easy to check that R 
is an m-ring. 0 
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